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Abstract
A group G is called an ATI-group if for any abelian subgroup A of G, A∩Ax = 1 or A for all x ∈ G. In
this paper the finite ATI-groups are classified.
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1. Introduction
Recall that a subgroup H of a group G is called a TI-subgroup of G if H ∩ Hx = 1 or H for
all x ∈ G. A topic of some interest is the classification of finite groups in which certain subgroups
are assumed to be TI-subgroups. In [3], Walls describes the finite groups all of whose subgroups
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maximal subgroups are TI-subgroups.
More recently, the first and second authors have considered groups in which every abelian
subgroup is a TI-subgroup. We call these groups ATI-groups. In [5] the ATI-groups of prime
power order are classified. The purpose of this paper is to classify all the finite ATI-groups. We
shall prove:
Main Theorem. Let G be a finite ATI-group. Then one of the following holds:
(i) G is nilpotent.
(ii) G is a soluble Frobenius group. Let K be the Frobenius kernel and H a complement. Then
one of the following holds:
(a) Every H -chief factor of K is cyclic and for every p ∈ π(K), H is cyclic of order divid-
ing p − 1.
(b) K ∼= Zp ×Zp for some prime p, H acts irreducibly on K and either H is cyclic or the
direct product of a cyclic group of odd order and Q8.
(iii) G ∼= S4.
(iv) G is isomorphic to one of the simple groups PSL2(4), PSL2(7) or PSL2(9).
2. Preliminaries
Henceforth all groups are finite. Recall that a CN-group is a group in which the centralizer of
every nonidentity element is nilpotent.
Lemma 2.1. Let G be an ATI-group.
(i) If A is an abelian subgroup of G that contains a nontrivial normal subgroup of G then
AG.
(ii) G is a CN-group.
Proof. (i) This is because A is a TI-subgroup.
(ii) Let g ∈ G#, C = CG(g) and C = C/〈g〉. Let A be a cyclic subgroup of C. The inverse
image of A in C is abelian and hence normal in C by (i). Thus every cyclic subgroup of C is
normal in C, so C is nilpotent. Now g ∈ Z(C) so C is nilpotent. 
Theorem 2.2. Let G be a CN-group. Define a relation ∼ on π(G) by
p ∼ q means there exists a p-element x = 1 that commutes
with some q-element y = 1.
Then ∼ is an equivalence relation.
Let σ be an equivalence class of ∼. Then:
(i) G possesses a nilpotent Hall σ -subgroup. Any two such subgroups are conjugate.
(ii) (Wielandt) Any σ -subgroup is contained in a nilpotent Hall σ -subgroup. In particular, every
σ -subgroup is nilpotent.
(iii) Suppose that H is a Hall σ -subgroup and that |σ | 2. Then H is a TI-subgroup.
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p-Complement Theorem. 
Lemma 2.3. Let p be a prime and H a cyclic group of order dividing p − 1. Then every irre-
ducible GF(p)-module for H is 1-dimensional.
Suppose the group H = 1 acts on the group K . The action is semiregular if CK(h) = 1 for all
h ∈ H #. This is equivalent to the semidirect product HK being a Frobenius group with kernel K
and complement H .
Lemma 2.4. Suppose the group H acts semiregularly on the p-group V . Then:
(i) Every Sylow subgroup of H is cyclic or generalized quaternion.
(ii) If q and r are primes then every subgroup of H with order qr is cyclic.
Proof. (i) is [1, Theorem 4.11, p. 200]. (ii) is [1, Theorem 3.14, p. 187]. 
Lemma 2.5. Let G be a group, V a normal p-subgroup of G and suppose that CG(g) is a p-
group for all p-elements g ∈ G#. Let A be a p-subgroup of G with V < A. Then CG(A/V ) is a
p-group.
Proof. Assume false and choose a p′-subgroup 1 = Q  CG(A/V ). By [1, Theorem 5.3.5,
p. 180], A = [A,Q]CA(Q). Now Q = 1 so the hypothesis on centralizers of p-elements implies
that CA(Q) = 1. As Q CG(A/V ) we have [A,Q] V . Thus A V , a contradiction. 
Lemma 2.6. Let G be a simple group and S ∈ Syl2(G).
(i) If S ∼= D8 and CG(t) ∼= S, where t is the central involution of S, then G ∼= PSL2(7) or
PSL2(9).
(ii) If S ∼= Z2 ×Z2 and CG(t) = S for all t ∈ S# then G ∼= PSL2(4) ∼= A5.
Proof. (i) is an elementary exercise in Exceptional Character Theory, see [2, Theorem 7.10,
p. 108]. (ii) may be proved by a similar method or by a counting argument. 
3. The abelian case
Henceforth we suppose that G is an ATI-group. Lemma 2.1 implies that G is a CN-group. Let
∼ be the equivalence relation on π(G) defined in Theorem 2.2.
In this section we assume that G possesses an abelian minimal normal subgroup V . Then V is
an elementary abelian p-group for some prime p and V  Z(Op(G)). Let σ be the equivalence
class of ∼ containing p and let K be a nilpotent Hall σ -subgroup of G containing V .
Lemma 3.1. One of the following holds:
(i) V ∼= Zp .
(ii) V = Op(G) = CG(V ) = F(G) ∼= Zp ×Zp and σ = {p}.
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G so U ∩Ug = 1 for some g ∈ G. Since |V : U | = p we obtain V ∼= Zp or Zp ×Zp . In the first
case (i) holds, so suppose V ∼= Zp ×Zp .
We claim that σ = {p}. Assume false, so |σ |  2. Theorem 2.2 implies that K is a TI-
subgroup. As V G and V K we have K G. Choose v ∈ V # and set A = 〈Op′(Z(K)), v〉.
Note that Op′(Z(K))G so Lemma 2.1(i) implies AG. Then Zp ∼= 〈v〉 = Op(A)G. But
V ∼= Zp ×Zp is a minimal normal subgroup of G. This contradiction proves the claim.
Since σ = {p} it follows that CG(g) is a p-group for each p-element g ∈ G# and then that
CG(V ) = Op(G) = F(G). It remains to prove that V = Op(G). Assume this is false. Then there
exists an abelian subgroup A with V <AOp(G) and A/V ∼= Zp . Lemma 2.1 implies AG.
Let C = CG(A/V )G. Lemma 2.5 implies that C is a p-group. Thus C = Op(G) = CG(V ).
Now A/V ∼= Zp so G/C is cyclic of order dividing p − 1. But G/C acts irreducibly on V so
Lemma 2.3 implies V ∼= Zp . This contradiction completes the proof. 
Lemma 3.2. Suppose that V ∼= Zp . Then conclusion (i) or (ii)(a) of the Main Theorem holds.
Proof. Since Zp ∼= V  K and K is nilpotent we have V  Z(K). By the definition of σ ,
CG(V ) is a σ -group so as K is a Hall σ -subgroup we have CG(V ) = K . Thus K G. By the
Schur–Zassenhaus Theorem there exists a complement H to K in G. If H = 1 then G = K so
conclusion (i) holds. Hence we may assume that H = 1.
Note that H is a Hall σ ′-subgroup of G. By the definition of ∼, CG(h) is a σ ′-group for all
h ∈ H #. Thus H acts semiregularly on K , and also on V . Then G is a Frobenius group with
kernel K and complement H . As V ∼= Zp it follows that H is cyclic of order dividing p − 1.
Lemma 2.3 implies that every H -chief factor of Op(K) is cyclic.
Suppose that q ∈ σ −{p} and let W be a minimal normal subgroup of G contained in Oq(K).
Then |σ |  2 so Lemma 3.1 implies W ∼= Zq . The previous paragraph implies that H is cyclic
of order dividing q − 1 and that every H -chief factor of Oq(K) is cyclic. Then conclusion (ii)(a)
of the Main Theorem holds. 
Lemma 3.3. Suppose that V ∼= Zp × Zp . Then conclusion (ii)(b) or (iii) of the Main Theorem
holds.
Proof. Lemma 3.1 implies V = CG(V ) = Op(G) = F(G) and σ = {p}. Then CG(g) is a p′-
group for all p′-elements g ∈ G#. Let q = minπ(G). The argument splits into three cases.
Case p > q = 2. Let t ∈ G be an involution. Then CV (t) = 1 so t inverts V . In particular,
t commutes with every automorphism of V so [G, t]  CG(V ) = V . Then V 〈t〉  G and the
Frattini Argument yields G = VCG(t). Now CG(t) is a p′-group and so CG(t) acts semiregularly
on V . Since G is a CN-group, CG(t) is nilpotent. Note that Q8 is the only generalized quaternion
group that is an ATI-group. Then Lemma 2.4 implies conclusion (ii)(b) of the Main Theorem
holds.
Case p > q > 2. Choose Q ∈ Sylq(G). Lemma 2.4 implies Q is cyclic. Since q = minπ(G),
Burnside’s Normal p-Complement Theorem implies that G = QOq ′(G). Note that V is an
abelian normal p-subgroup of Oq ′(G) and that Oq ′(G) is an ATI-group of odd order. By
Lemma 3.2 or by induction, Oq ′(G) is either nilpotent or a Frobenius group. In either case,
a Sylow p-subgroup of Oq ′(G) is normal in Oq ′(G) and hence in G. As V = Op(G) we see that
V ∈ Sylp(G).
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R ∈ Sylr (Oq ′(G)). Now G = NG(R)Oq ′(G) so NG(R) contains an element of order q . By
Lemma 2.4, R is cyclic so NG(R) contains a subgroup of order qr . Lemma 2.4 implies q ∼ r .
Thus τ = π(G)−{p}. Theorem 2.2 implies that G possesses a nilpotent Hall τ -subgroup H . As
V ∈ Sylp(G) we have G = HV . By Lemma 2.4, H is cyclic so conclusion (ii)(b) holds.
Case p = q . Since V is noncyclic, G is not nilpotent so we may choose r ∈ π(G)−{p}. Then
r > p. Any subgroup of order r acts semiregularly on V so r divides p2 − 1 = (p − 1)(p + 1).
Then p = 2 and r = 3. As V = CG(V ) ∼= Z2 ×Z2 it follows that G ∼= A4 or S4. Hence conclusion
(ii)(b) or (iii) holds. 
Corollary 3.4. If M is a subgroup of G such that V M G and p = minπ(M) then either M
is nilpotent, G ∼= A4 or G ∼= S4.
Proof. Suppose that M is not nilpotent and that G ∼= S4. The previous lemmas imply that (ii) of
the Main Theorem holds. Then there exists an element of prime order q contained in M −F(G)
that acts fixed point freely on F(G). If (ii)(a) holds then q | p − 1, contradicting p = minπ(M).
Thus (ii)(b) holds, q divides p2 − 1 = (p − 1)(p + 1), q = p + 1, p = 2 and then G ∼= A4. 
4. Proof of Main Theorem
Let M be a minimal normal subgroup of G. If M is abelian then the Main Theorem follows
from the results of the previous section. Hence we may assume that M is nonabelian. Then M
is the direct product of nonabelian simple groups. Since G is a CN-group, we see that M is a
nonabelian simple group. Moreover, CG(M) = 1.
Let p = minπ(M). By Frobenius’ Normal p-Complement Theorem, M possesses a p-
subgroup P = 1 such that NM(P ) is not nilpotent. Corollary 3.4, with NG(P ) in the role
of G, implies p = 2, NG(P ) ∼= A4 or S4 and P = CG(P ) ∼= Z2 × Z2. Let σ be the equiva-
lence class of ∼ containing 2 and let S be a nilpotent Hall σ -subgroup of G containing P . Now
O2′(S)  NG(P ) so O2′(S) = 1, σ = {2} and S ∈ Syl2(G). Moreover CG(g) is a 2-group for
every involution g ∈ G.
Now Z(S) CG(P ) = P ∼= Z2 × Z2 and P is a TI-subgroup so S NG(P ). Thus S = P ∼=
Z2 × Z2 or S ∼= D8. In particular, S ∩ M ∼= Z2 × Z2 or D8. Suppose that S ∩ M ∼= Z2 × Z2.
Lemma 2.6 implies that M ∼= A5. Then G ∼= A5 or S5. However, by considering a transposition,
we see that S5 is not a CN-group. Thus G ∼= A5 in this case. Suppose that S ∩ M ∼= D8. Then
S M . Lemma 2.6 implies that M ∼= PSL2(7) or PSL2(9). In particular, Out(M) is a 2-group.
As M contains a Sylow 2-subgroup of G it follows that G = M . The proof of the Main Theorem
is complete.
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